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Abstract. The representations of the pointed Hopf algebras U and u are described, where 
U and u can be regarded as deformations of the usual quantized enveloping algebras 
f/ 9 (sl(3)) and the small quantum groups respectively. It is illustrated that these represen- 
tations have a close connection with those of the quantized enveloping algebras (/< ; (sl(2)) 
and those of the half quantum groups of sl(3). 



Introduction 

In a series of papers Q|2l[3j|4|, N.Andruskiewitsch and H.-J. Schneider classified finite 
dimensional pointed Hopf algebras over algebraically closed field k with char(£) = 0, 
whose group-like elements form a finite abelian group. Under some suitable hypotheses, 
given a datum of finite Cartan type T> = D(F, fe)i<i<9. (Xi)i<i<8, (aij)\<i,j<g), a linking da- 
tum A = (Aij)i<i<j<e,i+j and a root datum 11 = (jJ. a ) a£ R+, one can construct a pointed Hopf 
algebra U(D,A) and a finite dimensional quotient u(!D,A,fi). On the other hand, if A is 
a finite dimensional pointed Hopf algebra over k and the group-like elements in A form 
an abelian group, then A u(£), A, fi) for some data T>, A, ix. The Hopf algebras U (D, A) 
(resp. u(£), A, fi)) have close connection with the quantized enveloping algebras and can be 
regarded as generalization of the quantized enveloping algebras (resp. the small quantum 
groups). 

It is natural to investigate the properties and the representations of these Hopf algebras. 
However, not very much is known about this problem in general. A classical example dis- 
cussed intensely is the representations of the quantized enveloping algebras of semisimple 
Lie algebras and their quotients (i.e., the small quantum groups). Recently, the irreducible 
representations of a class of generalized doubles are described in ifTTl . which can be pa- 
rameterized by dominant pairs of characters. Another example is the representation theory 
of the half quantum group. In ||T8l , simple modules, projective weight modules and simple 
Yetter-Drinfeld weight modules over the half quantum group are fully described. 

This paper aims to study the representations of the pointed Hopf algebras U — U (£), A) 
and its finite dimensional quotient Hopf algebras it, where D consists of a free abelian 
group F with rank 2, elements (g\,g2,gi,g4) in T, the characters (xi>X2>X'3>X4) and me 
Cartan matrix of type A2 x Aj_. In particular, we concentrate on the case that the linking 
datum A = (,A.tj)\<i<j<ff,i+j is given by A^ = 1 and Ay = otherwise. We describe the 
simple modules over U and the simple modules and the projective modules over u. We 
note that the category f of all finite dimensional U -modules is not semisimple. That is 
different from the representation theory of the quantized enveloping algebras. In fact, the 
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representation theory of U can be regarded as "combination" of those of the quantized 
enveloping algebra f/ 9 (sl(2)) and those of the half quantum groups of sl(3). 

In SectionQ] some definitions and the structure of the Hopf algebras U(D, A) and u(D, A,n) 
are given. In Section [2] Hopf algebra U = U(D, A) is constructed, where D is a Cartan 
datum of type A 2 XA2. The representation theory of U is also developed when q is not a root 
of unity. When q is a root of unity, there is a Hopf ideal in U. The corresponding quotient 
Hopf algebra 11 is defined in Section[3] For a given skew pairing <p, the double crossproduct 
0^ = D^,(u-°, u-°) is constructed, which is a twisting of the usual Drinfeld quantum double 
D(u-°,u-°). In Theorem 13.91 we show that the category d^M is equivalent to the direct 
product of \(i x (i\ copies of the category U M. The simple modules and projective modules 
over u are constructed in Section 3.2. In particular, we give an equation set which can be 
used to compute idempotent elements in u. Thus we get a decomposition of the regular 
module as a direct sum of indecomposable projective modules. This method is valid for 
the small quantum group of sl(2) too. 

Throughout, we assume that k is an algebraically closed field with characteristic 0, and all 
vector spaces and tensor products are over k. Let k x = k\{0], Z be the integer set, N the 
positive integer set and N = N U {0}. For I e Z, let Z, = Z//Z. 



1. Preliminaries 



For iieN and q e k\{0, +1), let [ri\ q - (q n - q ")/(<? - q l ). As usual, we define [0] 9 ! = 1 
and [n]g\ = [ri\ q [n — l] g [1] 9 for n > 1, and the Gaussian ^-binomial coefficients 



n> j > 0. 



For a e k, let [a;n] 9 = (aq" - cr x q~")l(q — q" 1 ). Similarly we can define the factorial 
[a;0] 9 ! = 1, [a;n] q \ = [a;n] q [a;n - l] q [a;l] 9 forn > 1 and the "binomial coeffi- 
cients" 

[a;n] q \ 



a; n 
j 



[j] q \[a;n - j] q \ 



n> j > 0. 



Note that 



aq , n + 1 



a; n 
j 



a; n 




aq 1 


j 







For /' > 0, one can define 

if n < j, 



where s 6 Z satisfies n + s > 0. 

Let A, H be bialgebras. A bilinear form tp : A ® H — > k is skew pairing if the following 
conditions are satisfied: 

<p(ab, x) = 2 (p(a, x m )ip(b, Xp)), 
tp(a,xy) = Z*P( a (i),yM a (2),x), 

<p(a, 1) = e(a), 

<p(l,x) = s(x), 
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for all a,b e A,x,y e H. If A (resp. H op ) is Hopf algebra with antipode 5,4 (resp. S h°p), 
then <p is invertible with <p~ l {a, x) = <p(S A(a), x) (resp. = tp(a,S h°i'(x))). Hence if A and H 
are Hopf algebras and S h is bijective, <p(Sa(o)> x) = <p(a,S H"p(x)), where Sh°p = S H l , the 
composition inverse of S h- 

If ip is a convolution invertible skew pairing, then the double crossproduct A H — A®H 
is constructed as follows. The coalgebra structure is given by 

A(fl ® x) = ^ <S> ® 0(2) ® *(2)> 

e(a <g> x) — e(a)e(x), 
and the algebra structure is given by 

(a <g> x)(b <g> y) = ^^(D.XfD^pjigixpjy^'^oj^O)), 
with identity 1 ® 1 . 

If A and are Hopf algebras, then A H = A®// is also a Hopf algebra (see II10II15|[T61 '). 

Recall that a datum of Cartan type D = £)(r, fe)i< ; <e, (^(Oisisfl^ ( a ij)i<i,j<s) consists of an 
abelian group T, elements gj e F, ^, e f, 1 < / < 8, and a generalized Cartan matrix (aij) 
of size satisfying the relations: 



(1) qtjqji = q"i, qu * 1, where q u = Xjigi), 1 < < 0. 

9 is called the rank of 0. If the matrix (a, 7 ) is of finite type, then D is said to be of 
finite Cartan type. In this case, (ay) is a matrix of blocks corresponding to the connected 
components of the Dynkin diagram after a reordering. We write i ~ j for any i,j e 
{1, ■ • • , 8} if i and j are in the same connected component. Let I = {I\,h,--- , It) be the 
set of connected components of / = {1, • • ■ ,8). Let ord(q) denote the order of q. For any 
1 < i < 6, when ord(qu) is finite, we assume 

(2) ord(qa) is odd, and 

(3) ord(qu) is prime to 3, if i lies in a component Gi. 

Lemma 1.1. Given a J & X, then ord(qu) — ord(qjj) for any i, j & J. We write Nj — 
ord(qu) for some i € /. 

Proof. If each ord(qa) < oo, the claim follows from |1, Lemma 2.3]. Now we assume 
that there is an i e J such that ord(qu) = oo. Let j e /. Since the Dynkin diagram of 
J is connected, there is a chain i = i\ — i% — •• - — i p = j in J such that a,y t+1 + for 
s = 1,2, — 1. By (HJ, q". 1 — q.j. Thus we have ord(qjj) — oo. □ 

A family A - (Aj^i^j^gj+j of elements in k is called a family of linking parameters for T> 
if the following condition is satisfied for all 1 < i < j < 8 with i * j, 

(4) if gigj = 1 or x0Cj * s, then A tj = 0. 

Vertices i, j are called linkable if i * j, gigj + 1, XiXj - s - U j are called linked if Aij + 0. 
For convenience, let Aji = -qjiAij for all 1 < i < j <6,i + j. 
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We collect some useful facts from (2] [8): any vertex i is linkable to at most one vertex j; if 
i, j are linkable, then qu = qjj, qijqji = 1 ; if i and k, respectively, j and I, are linkable, then 

<kj = ay, aji = Oft. 

For a given datum D = ZXT, (gdi<i<e, Cf;)i<i<e, («!j)i<i,j<fl) of finite Cartan type and a 
linking datum A = (Mj)i<i<i<0j+ji one can construct a Hopf algebra U(D, A) as follows. 

Let V be a vector space with a basis [x\ , x%, • • • , Xg}. Then V or (V, -,p) is a (left-left) Yetter- 
Drinfeld module over kF such that x,- e V«J, i.e., g ■ Xi — Xi(g) x i f° r all g e F and p(x,) = 
gi ® Xj. The corresponding braiding c: V ® V — » V®Vis given by c(x, ® xj) - qijXj ® x,-, 
1 < i, j < 6. Let pJ/D denote the category of all the (left-left) Yetter-Drinfeld modules 
over kF. Then is a braided monoidal category and the free algebra k{x\, ■ ■ ■ ,xg) is 
a braided Hopf algebra in So the smash product k{x\ , • • ■ , xg)#kF is a usual Hopf 

algebra. Let U(T>, A) be the quotient Hopf algebra of k{x\, ■ ■ ■ , xg)#kT modulo the ideal 
generated by the elements: 

(5) (ad c Xi) l ~ a '>{xj), for all 1 < i,j < 6, i ~ j, i + j, 

(6) XfXj - qijXjXi - Aij{\ - gigj), for all 1 < i < j < 6, i * j. 

where (ad c Xi)(y) = x,y - qij l qij 2 ■ ■■qijjx i -. [x,,y] c fory = xj,Xj 2 ■ --Xj s , [x,,y] c is called 
the braided commutator. 

The coalgebra structure of U(T>, A) is given by 

A(x ; ) = gi <g> xi + Xi <g> 1, A(g) = g®g, for all 1 < i < 6,g 6 F. 

For a given indecomposable Cartan matrix (cij) nxn , let P = £"=i Zmi be the weight lattice. 
Define simple roots by 

// 

i=i 

Let A = {ai, ■ ■ ■ , a„], Q = ZA (the root lattice), and Q+ = Noa/. For any /3 = 2 ; £>;a,- e 
g, define §g = g\ x g b ^ ■ --g^. In particular, g a . = g t . 

Define automorphisms y, of P by ytuij = V7j-6ijai(i, j = l,--- , n). Then y/ory = aj-Cjjai. 
Let W be the (finite) subgroup of GL(P) generated by y\, • ■ • ,y n , called the Weyl group. 
Then Q is W-invariant. Let R = WA, R + — R n Q+ and R = -R + . Then R is a root system 
corresponding to the Cartan matrix (c, j), ,R + the set of positive roots, R = R + U R . 

Fix a reduced expression y,-, y; 2 ■ • • y !A , of the longest element wo of W. This gives us a 
convex ordering of the set of positive roots R + : 

P\ = a k , /3 2 = Ti, ai 2 , ■ ■ ■ , /3n = n, ■ ■ ■ y/ w _j a.,, • 

Then for any 7 e J one can choose a Weyl group Wy and a root system R j for (aij)ij e j and 
a reduced expression of the longest element wqj in the Weyl group Wj. Put 

Wo := Wo./jWo.Jj ■ • -Wqj, 

and 
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where pj is the number of the positive roots in Rj and /3j,i, ■ ■ ■ ,/3j tPj e R + j with the convex 
ordering. We also write 

Jel 

with the given ordering. 

For each e Rj, one can define a root vector xp t e U(D, A) by the same iterated braided 
commutator of the elements Xj, j e J as the Lusztig's case in |[T4| but with respect to the 
general braiding c, see @ . 

The following theorem describes the structure of U (D, A), which was stated in 1 1 ] Theo- 
rem 3.3] for a finite abelian group F. Indeed, the finiteness condition of F is not necessary 
in the proof of [ 1 Theorem 3.3]. 

Theorem 1.2. Let Y be an abelian group, and D a datum of finite Cartan type satisfying 
the conditions (f2]) and (0. Let A be a family of linking parameters for D. Then 



x 7i x %"' x 7p 8, °i' a 2>- • ■ ,a p >0,ge F, 



(1) The elements 

form a basis of the vector space U(D, A) 

(2) Let Jel and a e R + ,/3 e Rj. Then [x a , x^ J ] c — 0, that is 

Nj _ Nj Nj 

A family p = (p a )„eR+ of elements in k is called a family of root vector parameters for T> 
if the following condition is satisfied for all a e R^, J e I: If g a 3 = 1 or x„ J ^ e > then 

p a = 0. 

Then we define 

u(D, A,p) = U(D, A)l{x N a ' - u a (p)\a eR + j,Je I), 
where u a (p) is central in U(D, A) and is determined by p uniquely (see 0]]). 

Theorem 1.3. fQ] Thm6.2]J Let A be a finite dimensional pointed Hopf algebra with 
abelian group G(A) — T and infinitesimal braiding matrix (qij)i<ij<e- Assume that the 
following conditions are satisfied: 

ord(qu) > 7 is odd, 

ord(qu) is prime to 3 if qnqu 6 {qjf 1 , qj[ 3 } for some I, 
where 1 < i < 8. Then 

A s u(D,A,p), 

where D — D(T, (gi)i<i<g, (xdi<i<e, (ajj)i<ij<g) is a datum of finite Cartan type, and A and 
p are families of linking and root vector parameters for D. 

We apply these construction to the special case that the Cartan matrix (a,j) is of type A2XA2, 
i.e. 



(flij) 



2 


-1 








-1 


2 














2 


-1 








-1 


2 
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Let r = (gi,g 2 ) be a free abelian group of rank 2, g3 = gi, g4 = g 2 - Let q € k\{0, +1}. 
Then^y is given by Xj(sd - ( f >i f° r 1 ^ j> ' ^ 2, and ^3 = X\\ X4 - X% ■ These form a 
datum of finite Cartan type T>. 

The linking datum (Ay) has the following 3 cases after a suitable permutation: 



' 








' 




f 








1 


' 




f 








1 


N 











































1 

































-<?31 











k 








, 















, 









-942 





, 



where ^31 = q a3l ,q4 2 = q ° 42 - Denote them by Ai,A 2 ,Ai respectively. Then we have the 
following facts: 

• U{2D, A[) is a graded Hopf algebra if we define degg = 0, Vg e T, degxi — 1, 1 < 
i < 4. This is similar to the half quantum group discussed in ll6l [T8l . 

• U (£), /I3) is the quantized enveloping algebra of sl(3), which has been discussed 
in many papers, see ll5ll7l fT2l . 

In the next section, we shall concentrate on the second case, i.e., U(D, /I2). 



2. Hopf algebra U(D,A 2 ) 

2. 1 . the properties of U. Let T = {g\ , g 2 ) be a free abelian group of rank 2, #3 = gi , g4 = 
g2- Let q G k\{0, +1} and (a (/ ) the Cartan matrix of type A%. Then^y is given by Xjisd - 
q a u for 1 < j, i < 2. Let xi = X\ an d^4 = x^x ■ These form a datum of finite Cartan type 
0, the corresponding Cartan matrix is of type A 2 x A 2 . For any 1 < i < 4, if ord(qu) is 
finite, we assume that the condition (2) is satisfied. 

For convenience, write U' for the corresponding Hopf algebra U{D, A 2 ). 

As an algebra, U' is generated by the elements x,(l < i < 4), g 6 T and subjects to the 
relations (for all 1 < i, j < 4): 

(7) gxj = Xjig)xjg, 

(8) addxif-^ixj) = 0, for all i ~ j, i * j, 

(9) x t Xj - qijXjXi = Aij{\ - gigj), for all i * j. 

where ad c (Xi)(xj) = XiXj—q aii XjXt. In the following we define an algebra U which is similar 
to the usual quantized enveloping algebra f/ 9 (sl(3)). 

Let U be an algebra generated by F; and Kf (1 < i < 2) satisfying the relations: 
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(10) 

(11) 

(12) 
(13) 


KiKj - KjKi, KiKj 1 - Kj Ki - 1, 
KiEjK- 1 = cf I:,. 

e,Fj - FjEi = SiM K i ~ ^r')/(? - <z _1 )> 


(14) 


s=0 


2 
s 


Ef- s EjE° = iff #y, 

i 


(15) 


i=0 


2 
s 


/•; '/•;/•;-() ifi#/ 

9 



The comultiplication A, antipode S and counit s of t/ are denned by(; = 1,2) 

A(E ( ) = K i ®E i + E i ®\, A(F i ) = l®F i + F i ®Kr\ 

A(Kj) = Ki ® A^r 1 ) = tfr 1 <g> tfr 1 , 

S(E i ) = -K7 1 E i , S(F i ) = -F i K i , S(Ki) = K;\ 

s(E i ) = = s(F i ), s(Kd = l. 

Proposition 2.1. There is a Hopf algebra isomorphism (p : U — > U' such that 

Ei x u Fi t-> (q- 1 - qY l x i+2 g]\ K t g t 

for all 1 < i < 2. 

Proof. It is straightforward. □ 

Hence we may discuss the properties and the representation of U instead of U'. 

Similarly to the discussion of the quantized enveloping algebra, let U + , U~, U° be the 
subalgebras of U generated by the E if the F„ and the K t , K^(\ < i < 2) respectively. It 
follows from (10) - (15) that U = U p U q U r , where (p, q, r) is a permutation of (+, -, 0). 
Moreover, the multiplication gives a fc-vector space isomorphism 

(16) U p ®U q ®U r - U, where (p, q, r) is as above. 

Let t/ £ ° = U~U° and = U°U + be the Borel subalgebras of U. 

As in Section 1, we can define the corresponding weight lattice and root lattice for the 
Cartan matrix of type A^. Let P = E? =1 Ztzr, be the weight lattice. Define simple roots as 
follows: 

2 

a j = ^ a U m i> 7 = 1,2. 

i=l 



Let A = {a\,ci2} be the set of simple roots and Q = ZA be the root lattice. Then there is 
a Z-bilinear map (, ) on P x Q given by (mi, aj) = aij. Clearly, (, ) is non-degenerate. Let 
Q+ = Hi Not*,-. Then there is a partial ordering on P defined by A > p if A - p e Q + . 
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Put E\ y 2 = E\E 2 -q X E 2 E\ and F\ y2 = F2F1 -qF\F 2 . Then we have the following relations 
from (10) - (15): 



(17) K t E hl K-' = qE h2 , KiF^KJ 1 = q~ l F h2 , 

(18) E\ t2 E\ = q~ l E\E\2, E\ t2 E 2 = qE 2 E iy2 , 

(19) ^1,2^1 = q~ l FiF u2 , F h2 F 2 = qF 2 F ly2 , 

(20) E h2 F h2 - F h2 E h2 = 0, 

(21) E\ 2 F\ — F\E\ 2 = -E 2 K ] 1 , E\ y2 F 2 - F 2 E\ y2 = 0, 

(22) F\ 2 E\ — E]F\ 2 — K\F 2 , F\ t2 E 2 — E 2 F\ t2 — 0. 



For s = (s u s 2 , s 3 ) € Nq, A = £? =1 r.-or,- e g, let £ s = E\ l E^E^, F s = FfF^F* 3 and K * = 
^['^ 2 . Then the PBW basis of U + (resp.lJ-) is given by {£ s : s e N^Cw-fF 1 : t e N*}). 

Then U has a basis {F^^^^r^^i'^u^?!^- f <' e N <>>0 e Z, 1 < i < 3, 1 < ; < 2}. 

2.2. Representations of U (D, A 2 ). Let f denote the character group of F. Then f (fc x ) 2 
as groups. We always identity the characters with the elements in (k x ) 2 below. For a 
weight A = m\VJ\ + m 2 m 2 e P, define a character ;'(T) e f by i{A)(Ki) = q^'^. Then 
;' : P — > f is a group homomorphism and the image of i is a subgroup of f. Moreover, i is 
a monomorphism if and only if q is not a root of unity. Define P\ - [A - m\uj\ + m 2 m 2 € 
P\0 <m\,m 2 <l-Y\ when q is an Z-th primitive root of unity and P\= P otherwise. Then 
i(P\) = i(P) and i\ Px is an injective map. In the sequel, we usually regard A e P\ c P for 
some character A e f if A e i(P). 

In the rest of this section, we assume that q is not a root of unity. 

For any character A e F, let M(A) := U ®[/>o V, where V = kv is a J/-°-module with the 
action given by E, r v = and • v = A(£/)v, i = 1,2. Then M(A) = span{F'/ F^Ff • v\U e 
No} as vector spaces, where we identity 1 <g> v with v. That is, M(A) is a free module of rank 
1 over U~. 

Note that E 2 ■ F^Fl^ ■ v = 0. Let 

M[/t, n] := spanfF'/p-f 2^ • v\t t >0,t 2 + t 3 > n\ for all n > 0. 
Proposition 2.2. For any n > 0, M[A, n] is a submodule ofM(A). 

Proof. It is a straightforward verification. □ 
Then there is a filtration 

(23) M(A) = M[A, 0] 2 M[A, 1] 2 M[A, 2] 2 • • • . 

Let M(A,n) = M[A,n]/M[A,n + 1]. Let n„ : M(A) — » Af(A)/Af[A,n + 1] be the natural 
projection. Then Af(/l, n) = spanfF^ 1 F^Fj 3 • 7r„(v)|f/ > 0, f 2 + ft = n}. 

Proposition 2.3. F 2 • M(A, n) = Ofor all n>0. 



Proof. It is obvious. 



□ 
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Remark 2.4. Let p„ : U — > End(M(A, n)) be the corresponding representation of U . Then 
E 2 ,F 2 e Ker p n . There is a natural induced representation p„ of the quotient algebra 
U/(E 2 , F 2 ) on M(A, n). 

Let M be a U -module and /lef. O^veMis called weight vector with weight A if 
g ■ v = A(g)v for all j e F. Write M A for the set of all the weight vectors in M with 
weight A. Let H{M) be the set of all weights A with ± 0. Call M a weight module if 
M = ®aM,\. A weight vector v e M is called highest weight vector if E\v = E 2 v = 0. 
A [/-module is a highest weight module of weight A if it is generated by a highest weight 
vector with weight A. Let "W denote the category of all weight modules. Clearly, every 
highest weight module lies in r W. 

For n > 0, let 

v„ := a F'l 2 ■ v + a x F x F 2 F n {~2 ■ v + ■ ■ ■ + a n F\F n % ■ v e M(A), 
where a t = q'^ A{K{)< n - l \n - i\\ 



n 






n — i 




n — i 



for < 2 < n. Then vo = v. 

1 

Proposition 2.5. For all n > 0, v„ defined as above are highest weight vectors. 

Proof. This is similar to the proof of lfl9l Theorem 11. □ 

Then for any two fixed integers t 2 , £3 e No with t 2 + 23 = n, let M(A, n\ t 2 , Z3) = spanf/^ 1 F? ■ 
Kn{vtz)\ti > 0} c M(A, n). It is easy to see that M(A, n; t 2 , tj,) is a submodule of M(A, n) and 

(24) M(A,n) = (T) M(A,n;t 2 ,t 3 ). 

t 2 +h=n 

Hence {F[ l F%v h \t u t 2 , t 3 > 0} is a fc-basis of M(A). 

Let V be a ^-vector space with a basis {uq, u\, ■ ■ ■ } and A = (Ai,A 2 ) e (k x ) 2 . Then one can 
check that V admits a [/ -module structure with the [/-action given by 

K\Uj = Aiq'^Uj, K 2 Uj — A 2 q'iij, 

F\Uj = Uj+u E\Uj = [j]q[Au 1 - j] q Uj-u 

E 2 uj = F 2 Uj = 0, 
where j = 0, 1,2, • • ■ and m_i = 0. Denote the module by V(A). 
Proposition 2.6. For any A,p E (k x ) 2 , V(A) =a V(//) if and only if A = fx. 



Proof. Let {«,-}( resp. {w,}) be the &-basis of V(A)( resp. V(//)) on which U acts as above. 
Let / : V(A) -> V(//) be a non-zero [/-module homomorphism. Then /(wo) — 2/=o ^ 
for some a; E k, i — 1,2, ■ ■ ■ , r. Hence f{uj) — Yj r i=o a i w '+j ^ Note that f is an 
isomorphism if and only if \f(uj)\ is a basis of V(fj), if and only if there are some scalars 
bj e k, j = 0, 1, • ■ • ,5, such that wo = Tij=o^jf( u j) = Y^ijCtibjWi+j, if and only if aobo = 1 
and a,- - bj - 0) for z > 0, j > 0, i.e., /(z<o) = aowo(«o ^ 0)- This finishes the proof by 
virtue of the actions of K\,K 2 . □ 
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Proposition 2.7. Let A €T and M(A, n; t 2 , ti) be defined as above. Then 

M(A,n;t 2 ,t 3 ) V(A'), 
where A' = (q'^AiKiXq-'^AiK^) E (k x ) 2 . 

Proof. Define a k-map f : V(A') -> M(A, n; t 2 , t 3 ) by /(m) = F\F% ■ n„{v h ) for all i > 0. It 
is easy to check that / is a U -module isomorphism. □ 

When n = 0, then t 2 = h = 0. Hence M(A, 0) = M(A, 0; 0, 0) - V(A), where we identity 
A € f with /t = (/l^), A(K 2 )) e (k x ) 2 . 

Note that these V(A) are similar to the Verma modules over the quantized enveloping alge- 
bra U q (sl 2 ). 

Proposition 2.8. ForA = (A U A 2 ) e (/fe x ) 2 , V(A) is an indecomposable U -module. Further- 
more, V(A) is reducible if and only if there exists mi £ No such that A\ = ±q m . 



Proof. Let V(A) = V V" as {/-modules. Then u Q = u' + m", where m' e V and m" e V". 
We have that /Qm' + Kju" = K[Uq = A t u' + Atu", i= 1,2. Since V, V" are both {/-modules 
and V nV" = , u' and u" are weight vectors with weight A. Note that ^ is not a root of 
unity. Then V(A) A = Icu Q . This implies that u' = or u" = 0, so V(A) = V" or V(A) = V. 

If A] = ±q mi for some ni! e No, then J' (A) = span{u mi+ \,u m+2 , • • • } is a submodule of 
V(A). If not, we claim that V(A) is irreducible. For any + w = 2"=o a i u i e w i m 
a„ + 0, we have that E"w = a n \n\ q \[A\; 1 - n] q [Ai,2 - ri] q ■ ■ ■ [Ai;0] q UQ. Since A\ + +q m[ 
for any m\ e No and q is not a root of unity, E"w = auo for a non-zero scalar a. Then 
Uw = V(A) and the claim follows. □ 



Obviously, we have 

Corollary 2.9. Let A e f and M(A, n; t 2 , f 3 ) be defined as above. Then M(A, n; t 2 , f 3 ) is 
indecomposable. Furthermore, M(A,n;t 2 ,t 3 ) is reducible if and only if A{Kx) = +q mi for 
some m\ e Z with m\>t 2 - t 3 . 



Let/t = (A U A 2 ) E (fe x ) 2 . If there is an mi E No such that Ai — +q m \ then J' (A) — 
span{u m+ \ , u m+2 , • • • } is the unique maximal submodule of V(A). The induced quotient is 
an (mi + l)-dimensional simple module, denoted by L(A). For convenience, let m, denote the 
image of m, in L(A) under the natural projection, < i < m\ . Call the set {m, : < i < m{\ 
the standard basis of L(A). 

Proposition 2.10. The finite dimensional simple modules L(A) are non-isomorphic each 
other. 



Proof. For two simple modules L(A) and L(p), let {m,- : < i < mi] (resp. {w,- : < i < m[ }) 
be the standard basis of L(A) (resp. L(p)). Assume that there is a {/-module isomorphism 
/ : L(A) — > L(p). Then dimL(i) = dimL(p) = m\. Note that L(p) T is 1-dimensional and 
is spanned by some w, for any t e T1(L(jj)). Then f(uo) = aw, for some a £ k x . From 
# f(u mi ) = F" H f(uo) = aF" h Wi, we have that ;' = 0. Hence A = p by virtue of the actions 
of Ki , K 2 on mo and wq- □ 
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In fact, one can show that any finite dimensional simple module over U must be isomorphic 
to some L(A). 

Let J(A) = M[A, 1] ffi spanfFj • v\h > m x + 1} if A\ = ±q m for some mi e N , and 
J(A) = M[A, 1] otherwise. 

Proposition 2.11. For any A e F — (k x ) 2 , J(A) is the unique maximal submodule of M(A). 



Proof. It suffices to show that U ■ w = M{A) for any vector + w e M(A) \ J{A). 
Since M(A) is a weight module, one can assume that w is a weight vector. Write w = 
Yj a h,t 2 ,hP'\P'\2^2 ' v e M(A) for a tuh fy e k. Since q is not a root of unity, F'^F'^F^ ■ v and 
F J 1 FjjFj 3 • v have the same weights if and only if t \ + ?2 = s\ + S2 and t2 + h = S2 + sj . Then 
w - aF'l -v for some a e k x and t\ > 0. Furthermore, t \ < m\ if A\ = i^" 11 for some mi > 0. 
Then the result follows from that E'[F'l ■ v - [t{\ q \[A\\ 1 - ti\ q [A x ;2 - t\] q ■ ■ ■ [Ai,Q] q v for 
any t\ > 1 . □ 

Proposition 2.12. M is a highest weight module if and only if M is a quotient of some 
Verma module M(A). 



Proof. The part "if" is obvious. We need to check the part "only if". Let M be a high- 
est weight module generated by a highest weight vector v of weight A. Note that U — 
U-U°U + = U~U° + UEi + UE 2 . Then we have that M - Uv - (l/-U° + UE\ + UE 2 )v = 
U~v since v is a highest weight vector. The claim follows from that M(A) is a free U~- 
module of rank 1 . □ 



Let M be a highest weight module. Then there exists some {/-module M(A) and some 
submodule N c M(A) such that M s M(A)/N. Regard M = M(A)/N. Recall that M(A) has 
a filtration (|23]l. Let M[i] := (M[A, i] + N)/N for i > 0. There is an induced filtration of M: 

M=M[0] 2M[1] 3 • ■ • . 

Then M[0]/M[1] is isomorphic to some quotient of V(A) * M{A,Q) = M[A,Q]/M[A, 1]. 
Hence we have the following result. 

Proposition 2.13. Let M be a highest weight module over U with highest weight A. If M 
is simple, then 

(1) M ^ L( A) if M is finite dimensional; 

(2) M ^ V(A) if M is infinite dimensional. 



Proof. From the discussion above, one can get a filtration of submodules M = M[0] 3 
M[l] 2 ■•• . Since M is simple, then M[l] = or M[l] = M. If M[l] = M, then 
M[/l, 1] + = M(/J), where is given as before. By Proposition IXTTI M[A, 1] c J (A), 
which is a small submodule. This implies that jV = M(A) by the Nakayama Lemma, a 
contradiction. Thus M[l] = and M = M[Q]/M[1] is isomorphic to some quotient of 
V(A). 

If M is finite dimensional, then A\ = +q m ' for some mi € No by Proposition 12.81 Then 
M ^ L(A) since J' (A) is the unique maximal submodule of V(A) and L(A) = V{A)/ J'(A). If 
M is infinite dimensional, then Ai + ±q' Hl for any m\ e No. By Proposition 12.81 V(A) is 
irreducible, so M =s V(/l). □ 
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Proposition 2.14. Any non-zero finite dimensional U -module M contains a highest weight 
vector. Moreover, the endomorphisms induced by E\ , E2, F\ , F2 are nilpotent. 

Proof. Let M be a finite dimensional U -module. Since U° is commutative and k is alge- 
braically closed, there exists a weight vector v e M. Let N := Uv. Then N is a weight 
module, write N = ffi^x^A^ = ffi^en^A^. Let e\ = (q 2 ,q~ l ), €2 - (q~\q 2 ) e k 2 . For a 
fixed A e U(N), then E i ■ N A c iV M ,£ 2 • tyj £ A^- Let W = {A} c II(A0 and A (0) = A. 
Since q is not a root of unity and Tl(A) is a finite set, there exists an m 6 No such that 
■ A^ + and • jV A = 0. Define W, = W U faA, efA, • •■ , e^A} £ n(A0 and 

A {1) = e"'A Since E" 1 ■ A^ * 0, there exists an n 2 e N such that E" 2 ■ N A n, + and 
E n 2 2+1 ■ N x m = 0. Define W 2 = Wi U {e 2 ^ (1) , ef/i (1) , ■ ■ • , e^A^} c Tl(N) and ^ (2) = e^ 2 A (1) . 
Iterating this process, one can define the sets W3, W4, • • • , and the weights A (3) , /l (4) , 
Thus one gets an ascending chain Wo Q W\ Q W2 £ ■ ■ • of subsets of Tl(N). Since q is not 
a root of unity, Wj = Wj+\ if and only if n,- + i = 0, where > 0. Moreover, each N#n + 0. 

Since II(A0 is a finite set, there exists an s e No such that Wj = Wj+i = ^+2. Without 
loss of generality, assume that s is the minimal integer with this property. Since q is not a 
root of unity, W s = W s +\ = W s +2 implies that n s+ \ = n s+ 2 = 0, that is E\ ■ N A u> = and 
E2 ■ A^w = 0. This shows that there exists a highest weight vector in N c M. 

If M is a simple [/-module, then M is a highest weight module. The last claim is obvious. 
If not, one can take a composition sequence of M. Then the last claim follows from that 
the endomorphisms induced by £1 , E2, F\ , F% are nilpotent on each simple factor. □ 

Remark 2.15. Here the assumption that k is an algebraically closed field is necessary. 

Corollary 2.16. Every finite dimensional simple U -module is a highest weight module. 

By Proposition ^. 131 Corollarv l2.16l means that any finite dimensional simple module over 
U must be isomorphic to some L(A). We now prove a quantum Clebsch-Gordan formula 
for the finite dimensional simple {/-modules. 

Theorem 2.17. Let A = {X\,X<i),n = (^1,^2) £ (k x ) 2 with A\ = siq m , p\ = e2q" for some 
m,n > 0, where e\ — +1 and £2 = ±1. Then there exists an isomorphism of U -modules 

min(m,«} 

L(A)®L( M )^ L07 w ), 
where 77® = (siE2q"' + "~ 2 ' ,q l Aq.ni)- 

Proof. Similar to the proof of lfl3l VII7. 1 1 . □ 

Denote by T the category of all finite dimensional modules over U. Note that the category 
T is not semisimple, see the following example. 

Example 2.18. For s\,E2 e {L -1} and a e k x , let V{s u S2,a) be a vector space with a 
basis {vi, V2} and define an action of U as follows: 

K\Vi = fijVf, K 2 vi = av\, K 2 v 2 = aq~ 2 v 2 , 

E\Vi = E 2 Vi = 0, 

F\v; = F 2 V2 = 0, F2V1 = v 2 . 
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Then V(ei, £2, a) is a 2-dimensional indecomposable module, which is not semisimple. 

The module structure of M(A) is complicated and is not well understood. We shall make 
an attempt in this direction. 

Let u G M{A) with E\u — 0. Then u is a linear combination of the following vectors: 

• F*v h ; 

• Ff + ' 3_fe+1 F^v f2 , if A{K{) = +q"" for some m, e Z and mi + t 3 - t 2 > 0. 

Suppose now that A(Ki) = ±q m ' for some Bi 6 Z, Define A^(/l) be the subspace of M(A) 
spanned by the vectors F^FJv^, where ti > mi + t 3 — t 2 + 1 if h — ft < mi and fi > 
otherwise. Then N{A) = span{F'^F 2 v t2 \t\ > max{f3 — t 2 + mi, -1} } 

Let n(M(A)) be the weight set of M(A). If p e n(M(J)), then ^ = (q- 2i+ J A u q- 2 ' + ' %) for 
some /, y e No. Note that q s ~ 2 ' — q'~ 2s — 1 for s, t > if and only if s = t = 0. Hence z', 7 
are determined uniquely by fi. We also have that [F^F^v, F'^F^ vi, ■ • • , F'^ s Fi s v s ] is a 
basis of Mf^/i)^ from the decomposition (|24| |. where s = min{/, y'}. 

Remark 2.19. A^(/l) is not a submodule of M(/l). For example, take fj, ?3 e No with mi + 
t 3 - 1 2 + 1 = 0. Then F^ 3 v <2 € AT(A) but F 2 F^ 3 v, 2 ^ AT(A). 

3. The case q is a root of unit 

In this section, assume that q is a primitive Z-th root of unity. Let I' = I if I is odd and 
I' = 1/2 if / is even. Then [l'] q = 0. Let denote the set of all the l-th roots of unity in k. 

3.1. The finite dimensional quotient Hopf algebra it. In the sequel, we shall construct 
a finite dimensional Hopf algebra from U . 

Lemma 3.1. The elements E[ ,E[ 2 ,E l 2 , F\ , F[ 2 , F l 2 ,K l v K l 2 are in the center of U. 

Proof. It follows from the relations (10) - (15) and (17) - (22). □ 

Let / be the ideal of U generated by the first six elements in Lemma [37X1 and the elements 
K\ - l(z = 1,2). Then / is a Hopf ideal. Define it := U/I, This is a finite dimensional 
Hopf algebra. As an algebra, u is generated by generators F,, Ki(j = 1,2) subject to the 
relations (10) - (15) and the following relations: 

(25) E\ = = F\, K\ = 1 for i = 1,2. 

Let I' - I n U' for i e {+, -, 0). Then /' is an ideal of U' and / P ® /« ® F as vector 
spaces, where (^, ^, r) is a permutation of (+, -, 0). So / = PIT. Let u' = ({/' + /)//. By 
virtue of (fl6T >. we have 

Proposition 3.2. 

It 2i ll'' ® ll 9 (g) U r . 

By abuse of language, we denote the images of the elements x e U in u (resp. u + , u~, u°) 
under the natural map again by x. Then we have the following corollary about the structure 
of u. 
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Corollary 3.3. u = u p u^u r and has a k-basis [E^E^E^K^K^F^F^F^O < sut u r } < 
1-1,1 </<3,l <j<2}. 

Denote the Borel subalgebra u + u (resp.u°u~) by u-°(resp.u-°). For any < s,,rj < 
I- 1, 1 < i < 3, 1 < j < 2, let 

deg^iEl'Ef^K^iq) = + s 2 ) ai + (5 2 + s 3 )a 2 = deg n <a (K^K^F* 1 F S ^ 2 F S 2 3 ). 

Then it- and u-° are both Q-gmded Hopf algebras with the gradings deg u >o and deg u <o, 
respectively. 

Then there is a unique skew Hopf pairing tp : u-° <g> u-° — > k such that 
l p(l,l) = <f(hK i )=ip(K i ,l) = 1, 

(p(x, y) = if x,y are monomials with deg u >o(x) + deg u <o(y), 

ip(Ei,Fj) = 6ij6u - 1 - , 
q l - 1 

<p(K i ,K j )=q a »,<p(K i ,K] 1 ) = q- a v, 

for 1 < i, j < 2. Thus one can turn D^(u £ °, it- ) = n-° ® u-° into a Hopf fe-algebra as in 
Section[T] 

For convenience, we write instead of D^(u-°, u-°). Then can be described as fol- 
lows. 



is generated, as an algebra, by F;, ^f,-, : , ^T„ AT ( . '(1 < f < 2) subject to the relations: 
KiKj 
KiKj 

KiEjK; 1 = tfSEj, KfFjKT 1 = q " /• , 



— KjKj, KfK- ^ — Kj ^ Kj — 1, 

= KjK^ KiKj = Kj Kf = 1, = KjKj t 



KiEjK7> = ^ *./•-,*. 1 = q~ a >'Fj, 
EiFj - FjEi = SijdniKi - K; l )/(q - q~ l ) 

e'i = o = f\, k\ = \ = k\. 

The coalgebra structure is given by 

A(Ei) = Ki <g> Ej +E t ®l, A(Fi) = 1 ® F t + F t ® A7 1 , 

A(«i) = 2sTi ® A(£,-) = % ® %, 

S(E i ) = -K7 1 E i , S(F i ) = -F i K i , S (K^ = K7 1 , S (K t ) = Kr\ 

s(Ei) = = s(Fj), s(Ki) = 1 = s(Ki). 

This is similar to the Drinfeld quantum double of u-°. In fact, is quasi-isomorphic to the 
Drinfeld quantum double D(u^°(sl(3)), u^°(sl(3))), i.e., the categories of their comodules 
are monoidally equivalent (@). 

Recall that Andruskiewitsch and Schneider gave a classification of finite dimensional pointed 
Hopf algebras, see Theorem 1 1.3 1 Since D v is a finite dimensional pointed Hopf algebra, 
one can obtained it by the general construction method (Similarly to the process to con- 
struct u before.): choose a datum and a linking datum; define a big Hopf algebra; then 
modulo some suitable Hopf ideal such that the induced quotient is isomorphic to D^. Here 
the two data of are the same with those of u except abelian group F. Thus we have 
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Lemma 3.4. The map which sends Ef to Eu F, to Ft, Kf to Kf l and Kf l to Kf l can be 
extended uniquely to a surjective Hopf algebra homomorphism n : — > U. Moreover, 
ker;r = (Ki ~K U K 2 -K 2 ). 

Proof. It is easy to check. □ 
The categories of modules over D v and u are connected closely. 

Similar to the definition of the weight modules over U, a D^(resp. u)-module is called a 
weight module if it can be decomposed as a direct sum of 1 -dimensional simple modules 
over D^(resp. u), where D° is the subalgebra of generated by Ki, Kf, (1 < i < 2). 

Lemma 3.5. Every D^resp. u)-module is a weight module. 

Proof. It follows from the fact that the subalgebra generated by Ki, /T,(resp. Kf), i = 1,2, 
is a group algebra of finite abelian group over an algebraically closed field k of char(fc) = 
0. " □ 

From the relations defining D v , we know that KjK7 l are in the center of D^. Furthermore, 
we have 

Lemma 3.6. Let M be an indecomposable D^-module. Then KiK^ 1 acts on M as some 
scalar z, e £ i, i = 1, 2. 



Proof. By Lemma [331 Kj,K7 l act semisimply on M. Since K, commutes with K7 1 , the 
action of KjK^ 1 is semisimple on M, i.e., there is a direct sum decomposition M = ® zek iM z , 
where M z = [m e M\K;KT x m = z,m,i = 1,2). Indeed, z = (z\,z 2 ) e Ci X £i since 
(KiK; 1 )' = 1. Then the claim follows from that K f K^ is in the center of and M is 
indecomposable. □ 

In the rest of this subsection, we assume that / is odd. For any zi e £/, fix an element 
z\ /2 e k such that (z[ /2 ) 2 = Zi. In particular, let 1 1/2 = 1. 

Let M be a D^-module and z = (zi , z 2 ) e £,i X <f/ sucn tnat KjKT 1 acts on M as the scalar z,-. 
Then there is a fe-algebra homomorphism n z : — > u such that 

n z {Ex) = z\' 2 E u n z {F x ) = F u n z (K x ) = z\ /2 K u n z {K{) = z\ lll K x , 

7T Z (E 2 ) = E 2 , n z {F 2 ) = F 2 , jt z (K 2 ) = K 2 , n z (K 2 ) = z 2 x K 2 . 

One can easily check that n z is well defined and the kernel of ji z , which is the ideal gen- 
erated by KjK7 l - Zi(i = 1,2), annihilates the module M. Thus M becomes a u-module 
through the homomorphism n z . 

Lemma 3.7. Every indecomposable D^-module is the pull-back of some u-module through 
an algebra homomorphism 7i z . 

Let M be a u-module and z = (zi,Z2) £ x (i- Denote by M z the pull-back of M through 
the algebra homomorphism n z . Let e. be the 1 -dimensional representation of D v defined 
by 

s z (Ei) = = s z (Fj), e t (K{) = z\ 12 , s z {K{) = z\ lil , e z (K 2 ) = 1, s z (K 2 ) = z 2 \ 
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One can easily check that s z is well-defined. 
Lemma 3.8. Let z e x £j and M be a module over u. Then 

M z =a s z ® Mi, where 1 = (1, 1). 

Proof. It follows from a direct verification. □ 

From Lemma [3781 we obtain the following theorem which illustrates the relation between 
the module categories of and u. 

Theorem 3.9. The category d v M is equivalent to the direct product of \£t x £/| copies of 
the category a M. 

Remark 3.10. (1) For the case / is even, one can also define an algebra homomor- 
phism n z for any given z = (Zi, z 2 ) e x Q if z\ /2 e £/. 
(2) One can define a skew Hopf pairing if/ : U~° ® U~° — > k and form the corre- 
sponding Hopf algebra A/,(f/-°, t/ £() ), then one can discuss the relation between 
the categories of weight modules over D^,(U-°, U~°) and U, which is similar to 
the discussion in 1 1 1 1 for the quantized enveloping algebra. 

3.2. The representation theory over u. Now let us concentrate on the representation 
theory of u. First we list all the simple modules over u. 

For any < m\,m 2 < I, define an mi + 1 dimensional u-module V = span{wo, Wt, ■ ■ • , w m , } 
as follows: 

KiWj = q mi ~ 2i Wj, K 2 Wj = q'" 2+j Wj, 

E\Wj = [mi + 1 - j]wj-i, Fiwj = [j + l]w/+i, 

E 2 Wj = F 2 Wj = 0, 

where < j < mi and w-i = = w„, l+ i. Then one can easily check that V becomes 
a u-module, denoted by V(mi,m2), and that V(mi,m2) is simple. Furthermore, for any 
< ni,n,2 < I, V(mi,m2) — V(n\, ni) if and only if m\ = n\,mi = n 2 . 

Proposition 3.11. Every simple w-module is isomorphic to some V(mi,m2). 

Proof. It can be shown by a direct verification. It also follows from Proposition 12.131 and 
the fact that u is a quotient of U. □ 

Let P(mi , m 2 ) be the projective cover of V(mi,m 2 ). 

For any pair (mi,m 2 ) of integers with < mi,m 2 < I - 1, let V = kv be a 1-dimensional 
u-°-module with the action given by E\ ■ v = = E 2 ■ v, K\ ■ v = q m 'v and K 2 ■ v = q mi v. 
Define the Verma module M(mi,m 2 ) = u® u >o V. Since u is a quotient of U, each u-module 
naturally becomes a f/-module. As a f/-module, M(mi,m 2 ) is isomorphic to M(A)/(I ■ w), 
where A = (q mi ,q m2 ) and w + is a weight vector in M(A) with weight A such that 
M(A) = U ■ w. By Proposition 12. Ill M(m\,m£) has a unique maximal submodule as U- 
module. Consequently, M(mi,m 2 ) has a unique maximal submodule as u-module. 

Proposition 3.12. For any pair (mi , m 2 ) of integers with < m\, m% < I — 1, M(nt\ , m 2 ) is 
isomorphic to some quotient of P(mi,m 2 ). 



REPRESENTATION THEORY OF A CLASS OF HOPF ALGEBRAS 



17 



Proof. Let / : M(m\,m 2 ) — * V(m\,m 2 ), g : P(m\,m 2 ) — > V(m\,m 2 ) be the canonical 
projections. By the projectivity of P{m\,m2), there is a homomorphism g' : P(m\,m 2 ) — > 
M(m\,m 2 ) such that fg' = g. Take a weight vector v £ P(m\,m 2 ) such that g(v) + 0. 
Without loss of generality, one may assume that g(v) is a highest weight vector by a suitable 
choice of v. Since uv <£ kerg = iadP(mi,m 2 ) and headP(mi,m2) - V(m\,m 2 ) is simple, 
uv + radP(mi,m2) = P(m\,m 2 ). Then uv = P(m\, m 2 ) by the Nakayama Lemma. Similarly, 
one can show that g'(v) e M(m\,m 2 ) is a weight vector and ug'(v) = M(m\,m 2 ). Thus g' 
is surjective. □ 



Let (OTj.Wj) be another pair of integers with < m\, m' 2 < I - 1. Then it is easy to check 
that Hom(P(mi,m2), P(m' v m' 2 )) + if and only if V(m\,m 2 ) is a composition factor of 
P{m' v m' 2 ). 

Theorem 3.13. Assume that (I, 3) = 1. Then u is an indecomposable algebra. 



Proof. By the discussion above, it suffices to show that each V{m\,m-i) is a composition 
factor of P(0, 0). If V(m\,m2) is a composition factor of M(0, 0), then it is a composition 
factor of P(0, 0). However, V(m\ , mi) is a composition factor of M(0, 0) if and only if there 



exist < t2, h < I - 1 such that 



1 



m i 

mi 



( mod T) since F!, 3 v f2 (0 < t2,h ^ 



Z - 1) (or their linear combination) are the only highest weight vectors. 
We claim that the equations 

'A 

( mod I) and 
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M 
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"2 







-i r 




v 2 N 






-1 -2 








.1, 



( mod 



have solutions in Z. 

In fact, the first equation is equivalent to 

1 = (2s + t)l + 3(t 2 + 1) 



1 = (t - s)l + 3f 3 

for some s, t e Z. Since (/,3) = 1, there exist p,q € Z such that pi + 3q = 1. Let 
f3 = f2 = <? - L f = p, s = 0. Then this is a solution of the equation set above. The second 
equation can be converted into the equation set 

( 1 = (-2s - t)l - 3t 2 

\ 1 = O - i)l - 3f 3 

for some s, t e Z. Let t 2 = —q = h, s = 0,t = -p. This is a solution of the equation set 
above. So there exist t' v t' y t' 2 \ t" e Z such that 



-1 1 
-1 -2 



2 = 



( mod /) and 



-1 1 
-1 -2 



Let t 2 ,t3 e Z with < t 2 ,t 3 < I - 1 such that f 2 = m\f 2 + m 2 t' 2 
mifj + W2/3' ( mod Then 



( mod I) 



( mod /) 

( mod and ts = 



-\ 


r 






mA 


- 1 


-2; 






m 2 J 
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For the projective modules P(m\,m2), we hope to give a more detailed description. It is 
well known that there is a close connection between the direct sum decomposition of the 
regular module and the idempotent element decomposition of unit. Let us go along this 
way. 

For 1 < i,j < I— I, define ey = j ZTjLo q'^^'K^K^ in u. Then we have efj = e,j, eye,-/,/ = 
Sij'Sjj' and 2|~1 e U ~ 1- So u = ffi'~4 uey is a direct sum decomposition of u as regular 
module. Each summand uey is a projective module. 

Proposition 3.14. For 1 < i, j < I — 1, ue,-,y are non-isomorphic each other. 

Proof. Assume that ue,j is isomorphic to ueyj for some (/', /) + (z, j), and let / : ue,j — » 
nei'j be an isomorphism. Then there are a, b e u such that /(e,-j) = ae,-,/ and / _1 ( e (',./') = 
£>e,-.j, and so e,j = abe/j. Note that ^ie,-.j = q 'eij, Kie^j = q~'eij. Hence a,b £ u°, and 
we may assume that a = 2 s ,tez, 3 a s,tE s F l ,b = £ s , t , eZ 3 f3 s > x E s ' F*' , where a s ,t,/3 s >x e k. It 
is easy to see that \E s F t ejj\s,t e 7?,,i,i e Z;} is a £-basis of u. Hence we deduce ab — 1 
from e, j = abe/ j. Comparing the degree of terms on the both sides of ab = 1, we have that 
a = aofl, b = jSo.o in k. It contradicts with a, b i u°. This proved the claim. □ 

Recall that P(ni\,mi) is the projective cover of V{m\,m2) and dim V(mi,m2) = ni\ + 1. 
From the representation theory of finite dimensional algebra, we know that 

(26) (m l + \)P{m l ,m 2 ). 

0<mi,m2</-l 

Thus ue, ; may not be indecomposable, i.e., e (/ may not be primitive. It is difficult to give all 
the primitive idempotent elements in u. In the following we will turn this into the question 
to solve some equation set. 

Now we assume that I is odd in the sequel. 

Let Ui be the subalgebra of u generated by E\ , F\ , K\ . Then Ui is isomorphic to the quotient 
of quantum group f/ f/ (sl(2)) modulo the ideal (E 1 , F\ K l - 1). Thus Hi just is the so-called 
"small" quantum group(cf. ||20l ). 

From the results in (20], we know that Hi ©'IqO + FjP, as lii-modules, where each P, 
is indecomposable and non-isomorphic. Thus there is a family of primitive orthogonal 
idempotent elements f\,fz,-" > /n(N = 1(1 + l)/2) in Ui such that 1 = Ytfi- 

Define ej(K{) = j £/=i(9" 'Ki) 1 '■ Then 1 = YljX e j(Ki) is a decomposition of orthogonal 
idempotent elements. Obviously, fiej(K<i) is an idempotent element, denoted by fn. One 
can check that fy are pairwise orthogonal and 1 = Yiijfij- virtue of the decomposition 
d26b and the Krull-Schmidt theorem, fy is a primitive idempotent element in u. 

Thus we only need to give all primitive idempotent elements in Hi in order to give all the 
primitive idempotent elements in u. 

For convenience, write K,E,F,e, for K\,E\,F\ and ei(K\) = j 2' s l I (q ,! ^i) 5 respectively. 
Clearly, {ejE s F'\0 < i, s, t < I - 1} is a basis of Ui. 

Assume that e, is not primitive. Then there is an idempotent element decomposition e,- = 
2 r e,>, where e,, r are orthogonal primitive elements. Since u = ©-"JcjU = ffi^Qe,-it + ir, we 
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have e, ; ,- e e,u + u~, and so e !jr = 2f=i_; &iPr,t, where P rt = D s =o a r,t,sE s F' +s and F' +s = for 
f + 5 < Oorf + s > l—l. Notethate,- = Yur,t e 'iPr,t = 2r,r Pr,t^i-2t- Multiply e, on the equation 
from the both sides one gets e,- = 2r Fy,o£i = 2r e iPr,o, here we use the assumption that I is 
odd. Hence P rt — for f + 0. This means that e lr — e,P f j o, where P r _o = Zi=o a r,sE s F s . 

From the discussion above, we only need to give all the idempotent elements of form 

Y!;} a sei E s F s . 

Lemma 3.15. 



F'"E*= £ [j] q 

7=0 



m 




.V 


./' 


9 


./' 



2 j-m-s 

E s - j f[ [rV],F 

r=j—m—s+l 



m-j 



Proof. Define an automorphism y> of f/t,(sl(2)) by = F,^pF = E,ipK = K,ipv = v , 
where v is an indeterminate over k. Then it follows from applying <p to the identity in lfl3l 
Lemmal.7] and f/ 9 (sl(2)) = I/„(sI(2))/(i/ - q). □ 



Then we have the following identity: 

min)m,s| 



e i E'"F m e i E s F s 



7=0 



m 








777 + 5 + / 


./' 


9 


/ 


9 


7 



ejE"' +s ~ J F m+S ~ } 



Let e ljr = 2' o a p ejE p F p for a fix r. By using the identity above repeatedly, we have 

Theorem 3.16. For some fixed i e Z;, e ur is an idempotent element if and only if 
(flo, «i, • • • , is a solution of the equation set 

/ \ a nhS ja„,a s , < p < I - 1, 



0<m,s<l-\, 
0<7'<min{m, s], 
m+s—j=p 



where a nlySj = [j] q 



m 




S 




m + s + i 


j 




f 




j 




9 




9 



Let [n] be the residual class of n modulo / and n be the minimal non-negative integer in [«]. 

m + s + i 



It is easy to see that: a m s j = a s m j and that 



if and only if m + s + i < j. 



If {a<),a\, ■ ■ ■ ,fl/-i) is a solution of the equation set, then «o = or ao — 1. Moreover, 
(1 - ao, -a\, ■ • ■ , — is also a solution of the equation set. 

Remark 3.17. The equation set in Theorem l3.16l is solvable recursively. For the special 
cases I — 3, we will give all the solutions in the below. This result is new for the small 
quantum group Ui. 

Example 3.18. When I — 3, we can get a decomposition of orthogonal primitive idempo- 
tents of unity through solving the equation set in Theorem l3.16l 

1 =(-e EF + e E 2 F 2 ) + (e + e EF - e E 2 F 2 ) 



? 1 E 2 F 2 ) + e x E 2 F 2 



+ Oi 

+ (e 2 EF - e 2 E 2 F 2 ) + (e 2 - e 2 EF + e 2 E 2 F 2 ), 



where e t = ± Y^j^Ky e Uj for i = 0, 1,2. 
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